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Markov decision processes (MDPs)

An MDP instance is characterized by a tuple M = (S, A, r, P ):

S is a finite set of states and A is a finite set of actions

r ∈ RS×A is the instantaneous rewards

P ∈ (∆(S))S×A
is the transition probabilities

The discounted value function vπ
γ ∈ RS of a policy π is

vπ
γ,s = Eπ,P

[+∞∑
t=0

γtrst,at

∣∣∣ s0 = s

]
, ∀ s ∈ S.

Discount optimality. Given γ ∈ [0, 1), a policy π is γ-discount-optimal if vπ
γ,s ≥

vπ′

γ,s, ∀ π′, ∀ s ∈ S.

The average reward gπ ∈ RS of a policy π is

gπ
s = lim

T→+∞

1
T + 1

Eπ,P

[
T∑

t=0
rst,at

∣∣∣ s0 = s

]
, ∀ s ∈ S.

Average optimality. A policy π is average optimal if gπ
s ≥ gπ′

s , ∀ π′, ∀ s ∈ S.

Blackwell optimality. Apolicyπ is Blackwell optimal if it remains γ-discount optimal

for all γ sufficiently close to 1.
For a Blackwell optimal policy π, we define

γ(π) = min{γ ∈ [0, 1) | π is γ′-discount optimal, ∀ γ′ ∈ [γ, 1)}. (1)

Ourmain contributions

1. We introduce the Blackwell discount factor γbw ∈ [0, 1).
Any policy that is γ-discount optimal for γ > γbw is average optimal and

Blackwell optimal.

2. We obtain a closed-form upper-bound on the Blackwell discount factor

γ̂ ∈ (0, 1).
⇒ This reduces finding average and Blackwell optimal policies to solving

discounted MDPs.

⇒ This gives a weakly-polynomial time algorithm to compute

Blackwell/average optimal policies, without any structural assumptions.

3. We extend our results to robust MDPs with polyhedral uncertainty.

Limitations of existing approaches.

For computing average optimal policies. Most approaches require structural as-

sumptions: unichain, irreducibility, weakly-communicating MDPs, deterministic

transitions, on mixing-times [JS21, WWY22].

For computing Blackwell optimal policies. Two existing algorithms, based on solv-

ing linear programs over power (Laurent) series [HDK85] or on solving |S| nested
non-linear equations via linear programs [OVJ17].

Main limitation 1. Existing algorithms for average or Blackwell optimality are sig-

nificantly more involved than those for discount optimality.

Main limitation 2. There exists a unichain MDP instance M, a Blackwell-optimal

policy π, and discount factors γ1, γ2 ∈ [0, 1) with γ1 < γ(π) < γ2 such that:

1. the policy π is γ1-discount-optimal, and

2. there exists π′ 6= π that is γ2-discount-optimal and not Blackwell-optimal.

A pathological example

In the MDP below:

va1
γ = 1, va2

γ = r1γ + r2γ
2, va3

γ = r4γ + r5γ
2

⇒ We can choose the parameters r1, r2, r3, r4 to induce pathological behaviors.
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Figure 1. MDP instance (top) and value functions (bottom).

The Blackwell discount factor

The Blackwell discount factor γbw ∈ [0, 1) is the smallest discount factor γ ∈ [0, 1)
such that if π is γ′-discount optimal for γ′ > γ, then π is Blackwell optimal.

Theorem. The Blackwell discount factor γbw exists in any finite MDP.

Why is this useful? If we know γbw or an upper bound γ̂, we can compute

Blackwell and average optimal policies by solving discounted MDPs, a problem

that has been studied extensively!

How to bound the Blackwell discount factor?

A bound must depend on the “granularity” of the instance data r and P :

Proposition. For any η > 0, there exists an MDP instance M = (S, A, r, P ) with
|S| = 2, |A| = 2 and deterministic transitions, such that γbw > 1 − η.

Main theorem

Let M = (S, A, r, P ) be anMDP instance with a maximum bit-size m ∈ N. Then
we have γbw < 1 − ηM, with ηM ∈ (0, 1) defined as

ηM = 1
2NN/2+2 (L + 1)N

,

N = 2|S| − 1,

L = 2 · |S| · r∞ · m2|S| · 4|S|.

Intuition for our main theorem

The proof of our main results rely on the following intuition:

1. For any two policies π, π′ we want a bound on the largest γ ∈ (0, 1) such that

vπ
γ,s = vπ′

γ,s.

2. For any policy π, the value function γ 7→ vπ
γ,s is a rational function:

vπ
γ,s = Nπ,s(γ)

Dπ(γ)
for two polynomials Nπ,s(X), Dπ(X).

3. Therefore, if at γ ∈ (0, 1) we have vπ
γ,s = vπ′

γ,s, then γ is the root of a polynomial

equation:

Nπ,s(γ)Dπ′(γ) − Nπ′,s(γ)Dπ(γ) = 0.

Note that 1 is always a zero of the above equation.

4. We can separate the root of a polynomial equation:

Theorem. ([Rum79]) Let p be a polynomial of degree N with integer

coefficients. Let L be the sum of the absolute values of its coefficients. The

distance between any two distinct roots of p is strictly larger than η > 0, with
η = 2N−N/2+2 (L + 1)−N

.

5. We apply this theorem to separate γbw and 1: γbw < 1 − η < 1 for some η > 0.

Corollary: weakly-polynomial time algorithms for Blackwell optimality.

Let M = (S, A, r, P ) be an MDP instance with total bit-size Q(r, P ) ∈ N.

We can compute a Blackwell-optimal policy in O (|S|5|A|2Q(r, P )) arithmetic op-

erations.

In the paper we extend part of these results from nominal MDPs to robust MDPs.
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