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Abstract
Motivation

In model-based offline RL, transition probabilities must be estimated from limited

data.

The Percentile Criterion (PC) is used to learn policies that are robust to uncertainty in

transition probabilities.

PC is optimized by constructing a special uncertainty set and optimizing the policy

against the worst model in this set.

Existing works use Bayesian credible regions as uncertainty sets which can be

unnecessarily large and result in overly conservative policies!

Our Contributions:

A dynamic programming framework that optimizes a lower bound on the percentile

criterion without explicitly constructing ambiguity sets.

Finite-sample and asymptotic analysis of the performance loss of VaR framework.

Theoretical Comparison of VaR ambiguity sets with Bayesian credible regions-based

ambiguity sets.

Empirically analysis of the the efficacy of the framework in several domains.

Problem
Notation:

MDP: Markov Decision Process (S,A, P, r, p0, γ)
P̃ : Random transition probabilities with posterior distribution f .

v: Value Function

ws,a = rs,a + γv: 1-step discounted value

Percentile Criterion: Computes a policy π that maximizes the returns corresponding

to the worst δ-percentile model.

arg max
π∈Π, y∈R

{
y
∣∣∣PP̃∼f

[
ρ(π, P̃ ) ≥ y

]
> 1 − δ

}
. (1)

Percentile Criterion is non-convex. Difficult to solve!

Existing solution: Solve it using Robust MDPs with Bayesian Credible Regions-based

ambiguity sets

arg max
π∈Π

min
P∈PBCR

ρ(π, P ).

∀s ∈ S, a ∈ A, PBCR
s,a = Ps,a(w, ψ, q) =

{
p ∈ ∆S

∣∣∣‖ps,a − p̃s,a‖q,w ≤ ψs,a
}
,

where weights w and size ψs,a ∀s ∈ S, a ∈ A are optimized to minimize span of

ambiguity sets while satisfying P
[
ρ(π, P̃ ) ≥ minP∈PBCR ρ(π, P )

]
≥ 1 − δ .

These sets can be unnecessarily large and result in conservative policies!

Solution: VaR Framework
Define the V aR Bellman optimality operator TV aR as

(TV aRv)(s) = max
a∈A

V aRα

[
p̃>
s,aws,a

]
.

where V aRα of a bounded random variable X̃ with a CDF function F : R → [0, 1] is
defined as V aRα[X̃ ] = inf {z ∈ R|F (z) > α} .

Theoretically Proven Properties of VaR
Framework

1. TV aR is a γ−Contraction mapping when reward is independent of next-state and√
γ-Contraction mapping otherwise.

2. VaR Framework optimizes a lower bound on the percentile-criterion.

3. The optimal VaR policy π̂ solves

max
π∈ΠD

min
P∈PV aR,v̂π

ρ(π, P ) .

where for any value function v, the V aR ambiguity set PV aR,v is defined as

PV aR,v = ×
s∈S,a∈A

PV aR,v
s,a where PV aR,v

s,a =
{
ps,a ∈ ∆S

∣∣∣p>
s,av ≥ V aRα

[
p̃>
s,av

]}
,

and v̂π is the fixed point of the V aR Bellman evaluation operator T π
V aR for each

π ∈ ΠD.

Performance Error bounds for VaR
Framework

v̂: fixed point of the V aR Bellman optimality operator TV aR
π?: optimal policy in (1)

ρ? = V aRα

[
ρ(π?, P̃ )

]
: optimal percentile returns

δ ∈ (0, 1) - confidence level
α : δ/(2SA) in TV aR
I(p?s,a)−1: Fisher Information matrix of the true transition probabilities p?s,a
σmax = maxs∈S,a∈A

√
ŵ>
s,aI(p?s,a)−1ŵs,a: maximum asymptotic standard deviation

of the returns estimate p̃>
s,aŵs,a for state-action pair (s, a)

Theorem 1: [Performance Error]With probability at least 1 − δ, the performance
loss with respect to ρ? is

ρ? − ρ̂ ≤ 1
1 − γ

max
s∈S

max
a∈A

(VaR1−α[p̃>
s,aŵs,a] − V aRα[p̃>

s,aŵs,a]) . (2)

Theorem 2: [Asymptotic Performance Error] With probability at least 1 − δ, the
asymptotic performance of the V aR framework ρ̂ w.r.t. the optimal percentile

returns ρ? satisfies

lim
N→∞

√
N(ρ? − ρ̂) ≤ 1

1 − γ

(
2Φ−1(1 − α)σmax

)
≤ 1

1 − γ

√
8 ln(1/α)σmax .

Comparison with Bayesian Credible
Regions

P̄ = (p̄s,a)s∈S,a∈A: Maximum Likelihood Estimate (MLE) of transition probabilities

computed from data D
Σ = (I(p?s,a)−1)s∈S,a∈A: covariance matrix of P̃ .

Theorem 3: [Asymptotic radius of V aR Ambiguity Sets] For all s ∈ S, a ∈ A,

lim
N→∞

√
N(PV aR

s,a − p̄s,a) =
{
ps,a ∈ ∆S

∣∣∣‖ps,a − p̄s,a‖Σ−1
s,a

≤ Φ−1(1 − α)
}

− p̄s,a .

Theorem 4: [Asymptotic radius of Bayesian Credible Region] For any state s and
action a, if PBCR

s,a be any Bayesian credible region and ξ <
√
χ2
S,1−α/Φ−1(1−α), then,

∀s ∈ S, a ∈ A, limN→∞
√
N(PBCR

s,a − p̄s,a) 6⊆ limN→∞
√
Nξ(PV aR

s,a − p̄s,a) .
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